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Abstract

Let (G, ) be a uniformly elliptic random conductance graph on Z4 with a Poisson point process of
particles at time r = O that perform independent simple random walks. We show that inside a cube Q g of
side length K, if all subcubes of side length £ < K inside Q g have sufficiently many particles, the particles
return to stationarity after c? time with a probability close to 1. We show that in this setup, an infection
spreads with positive speed in any direction. Our framework is robust enough to allow us to also extend the
result to infection with recovery.

© 2018 Elsevier B.V. All rights reserved.
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1. Introduction

We consider the graph G = (Z%,E), d > 2 to be the d-dimensional integer lattice, with
edges between nearest neighbors: for x, y € Z? we have (x,y) € E iff |x — y|; = 1. Let
{ttx,y}(x,y)cE be a collection of i.i.d. non-negative weights, which we call conductances. In this
paper, conductances will always be symmetric, S0 iy, = Uy, forall (x, y) € E. We also assume
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that the conductances are uniformly elliptic: that is,

there exists deterministic Cy; > 0, such that
Lxy € [Cy, Cylforall (x,y) € E, P-a.s. (1

We say x ~ y if (x, y) € E and define u, = Zywlix,y- At time 0, consider a Poisson point
process of particles on Z?, with intensity measure A(x) = Ao, for some constant Ay > 0 and all
x € Z¢. Thatis, for each x € Z¢, the number of particles at x at time 0 is an independent Poisson
random variable of mean Agu,. Then, let the particles perform independent continuous-time
simple random walks (CSRW) on the weighted graph so that a particle at x € Z¢ jumps to a
neighbor y ~ x at rate “=2_ Tt follows from the thinning property of Poisson random variables
that the system of particlés is in stationarity; thus, at any time ¢, the particles are distributed
according to a Poisson point process with intensity measure A.

We study the spread of an infection among the particles. Assume that at time O there is at
least one particle at the origin,” all particles at the origin are infected, and all other particles are
uninfected. Then an uninfected particle gets infected as soon as it shares a site with an infected
particle. Our first result establishes that the infection spreads with positive speed.

Theorem 1. Let {1ty y}x,y)eE be i.id. satisfying (1). For any time t > 0, let I, be the position of
the infected particle that is furthest away from the origin. Then

N P
timing 12l
t—00 t

> 0 almost surely.

The above result has been established on the square lattice (i.e., u,,, = 1 forall (x, y) € E)
by Kesten and Sidoravicius [9] via an intricate multi-scale analysis; see also [10] for a shape
theorem. In a companion paper [7], we develop a framework which can be used to analyze
processes in this setting without the need of carrying out a multi-scale analysis from scratch. We
prove our Theorem 1 via this framework, showing the applicability of our technique from [7].
We also apply this technique to analyze the spread of an infection with recovery. Let the setup
be as before, but now each infected particle independently recovers and becomes uninfected at
rate y for some fixed parameter y > 0. After recovering, a particle becomes again susceptible to
the infection and gets infected again whenever it shares a site with an infected particle. Our next
result shows that if y is small enough, then with positive probability there will be at least one
infected particle at all times. When this happens, we also obtain that the infection spreads with
positive speed.

Theorem 2. Let {1y}, y)eE be ii.d. satisfying (1). For any Lo > 0, there exists yo > 0 such
that, for all y € (0, yy), with positive probability, the infection does not die out. Furthermore,
there are constants cy, c2, ¢z > 0 such that

Pl = cit forallt > c3] > ¢,

where I, is the position of the infected particle that is furthest away from the origin at time t. We
set I, = 0 if the infection dies out before t.

The challenge in this setup comes from the heavily dependent structure of the model. Though
particles move independently of one another, dependencies do arise over time. For example, if

2 We can without loss of generality add an infected particle to the origin, since our results are based on increasing
events. See Section 5 for details.
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a ball of radius R centered at some vertex x of the graph turns out to have no particles at time
0, then the ball B(x, R/2) of radius R/2 centered at x, will continue to be empty of particles up
to time R?, with positive probability. In particular, the probability that the (d + 1)-dimensional,
space—time cylinder B(x, R/2) x [0, R?] has no particle is at least exp{—cR“} for some constant
¢, which is just a stretched exponential in the volume of the cylinder. On the other hand, one
expects that, after time ¢ > R2, the set of particles inside the ball will become “close” to
stationarity.

To deal with dependences, one often resorts to a decoupling argument, showing that two local
events behave roughly independently of each other, provided they are measurable according to
regions in space time that are sufficiently far apart. We will obtain such an argument by extending
a technique which we call local mixing, and which was introduced in [13]. The key observation
is the following. Consider a cube Q C 74 tessellated into subcubes of side length ¢ > 0. For
simplicity assume for the moment that u, , = 1 for all (x, y) € E. Suppose that at some time
t, the configuration of particles inside Q is dense enough, in the sense that inside each subcube
there are at least c£¢ particles, for some constant ¢ > 0. Regardless of how the particles are
distributed inside Q, as long as the subcubes are dense, we obtain that at some time ¢ + ¢'¢%, not
only particles had enough time to move out of the subcubes they were in at time ¢, but also we
obtain that the configuration of particles inside “the core” of Q (i.e., away from the boundary of
Q) stochastically dominates a Poisson point process of intensity (1 — €)c¢ that is independent
of the configuration of particles at time ¢. Moreover, the value ¢ can be made arbitrarily close
to 0 by setting ¢’ large enough. In words, we obtain a configuration at time ¢ + ¢’¢? inside the
core of Q that is roughly independent of the configuration at time ¢, and is close to the stationary
distribution. To the best of our knowledge, the idea of local mixing in such settings originated
in the work of Sinclair and Stauffer [13], and was later applied in [11,14]. This idea was then
extended with the introduction of soft local times by Popov and Teixeira [12] (see also [8]), and
applied to other processes, such as random interlacements.

Our second main goal in this paper is to show that this local mixing result can be obtained in
a larger setting, in which a local CLT, which plays a crucial role in the proof® of [13,11,8],
might not hold or only holds in the limit as time goes to infinity, with no good control on
the convergence rate. This is precisely the situation in our setting, where the weights i, , are
not all identical to 1. To work around that, we will show that local mixing can be obtained
whenever a so-called Parabolic Harnack Inequality holds, and we have some good estimates on
the displacement of random walks.

For the result below, we can impose slightly weaker conditions on 1 . Let p. be the critical
probability for bond percolation on Z¢. Assume that s, y are i.i.d. and that, for each (x, y) € E,
we have

Pluy,y = 0] < p and pu, , satisfies (1) whenever i, , > 0. 2)

For two regions Q' € Q C Z4, we say that Q' is x away from the boundary of Q if the
distance between Q' and Q°€ is at least x. We say a cube of side-length a is tessellated into
subcubes of side-length b, if a is a multiple of b and the union of the subcubes equals the cube
of side-length a.

Theorem 3. Let {1y y}x,y)ee be ii.d. satisfying (2). There exist positive constants c, ¢y, ¢3,
c4, C5 such that the following holds. Fix K > £ > 0 and € € (0, 1). Consider a cube Q of

3 The results of [13,11] are in the setting of Brownian motions on RY, but can be adapted in a straightforward way to
random walks on Z¢ with ty,y = 1 forall (x, y) € E by using the local CLT.
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side-length K, tessellated into subcubes (T;); of side length £. Assume each subcube T; contains
at least ,BZ)CeT’_ux particles for some B > 0, and let A > c*e 2. If € is large enough, then
after the particles move for time A, we obtain that within a region Q' C Q that is at least c30e %
away from the boundary of Q, the particles dominate an independent Poisson point process of
intensity measure v(x) = (1 — €)Bu,, x € Q', with probability at least

1-— Z exp {—cs,B,uyezAd/z} .
yeQ’

We will prove a more detailed version of this theorem in Section 3 (see Theorem 4). Although
we only prove the result for the case of conductances on the square lattice, Theorem 3 holds for
more general graphs. The theorem holds for any graph G and any region Q of G that can be
tessellated into subregions of diameter at most £ whenever the particles in each such subregion
are dense enough, the so-called parabolic Harnack inequality holds for G and we have estimates
on the displacement of random walks on G. We discuss some extensions in Section 4.

The structure of this paper is as follows. In Section 2, we formally define the family of graphs
we consider for local mixing and present results concerning the parabolic Harnack inequality,
heat kernel bounds and exit times for random walks on such graphs. In Section 3, we state a
more precise version of Theorem 3 and prove it. In Section 4 we prove an extension of the
local mixing result to random walks whose displacement is conditioned to be bounded, which is
particularly useful in applications [13,7]. In Section 5, we use the local mixing result and results
from our companion paper [7] to prove Theorems 1 and 2 for graphs satisfying (1).

2. Heat kernel estimates and exit times

In this section, we consider a simple, infinite connected graph G = (V, E), with uniformly
bounded degrees. For x, y € V, let |x — y| denote the graph distance between x and y in G.
In order to avoid potentially confusing notation, we allow ourselves a slight abuse of notation
and also use |x — y| to denote the graph distance when dealing with non-Euclidian graphs. For
x € V,let B(x,r) = {y € V : |x —y| < r} be the ball of radius r centered at x. We
consider non-negative weights (conductances) (ftx,y)x,y)ek» that are symmetric. As in Section 1,
we denote by x ~ y whenever x, y € V are neighbors in G, and define u, = Z)Wx Hx,y. We
also extend y to a measure on V. The reader may think of V as Z¢ and j4 , being i.i.d. random
variables satisfying (2). We keep our notation in greater generality as we want to highlight the
exact conditions we need for our results.

Assume the existence of d > 1 and Cy such that

w(B(x,r)) < Cyr?, forallr > 1, andx € V. 3)
We consider a continuous time simple random walk on the weighted graph G = (G, n),
Mx,y MKx,y

which jumps from vertex x to vertex y at rate (we consider = 0 whenever u, = 0).

More formally, for any function f : V — R, let ' "

L) =p" Y sy (FO) = f()), )
yx
and define the random walk started at vertex x as the Markov process ¥ = (¥;,t €
[0, 00), Py, x € V) with generator L. Its heat kernel on the graph is defined as
P.(Y; =y)

ql(xv Y) = for any x,y € V. (5)
M

y
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We will say that a particle walks along G if it is a Markov process with generator £ as defined
above. We now state several definitions from [3] which we use throughout the paper.

Definition 1 (Very Good Balls). Let Cy, Cp and Cy > 1 be fixed constants. We say B(x, r) is
(Cy, Cp, Cy)-good if:
W(B(x,r)) = Cyre,
and the weak Poincaré inequality
DO = Fren)Piy <Cprt D (FO) = F@) iy
yeB(x,r) y,2€B(x,Cwr),z~y

holds for every f : B(x,Cwr) — R, where fB(X,r) = M(B(X,V))_'Zyeg(x,r)f(y)ﬂy is the
weighted average of f in B(x, r). Furthermore, we say B(x, R) is (Cy, Cp, Cy)-very good if
there exists N = Npux.r) < RY@+2) guch that for all » > Ng, B(y, r) is good whenever
B(y,r) € B(x, R). We assume that Ny > 1.

For the remainder of the paper we assume that d > 2, fix Cy, Cy, Cp and Cy and take
G = ((V, E), ) to satisfy (3).

We are now ready to present some key results from [4] that control the variation of the random
walk density function. We will also present a result about random walk exit times which was
initially shown in [3] for Bernoulli percolation clusters and then generalized to our setup in [4].
The first result gives Gaussian upper and lower bounds for the heat kernel for very good balls.

Proposition 1 ([4, Theorem 2.2]). Assume the weights i, , satisfy (1) or (2). Fix a vertex

x € V. Suppose there exists Ry = Ry(x) such that B(x, R) is very good with N;((i}z)) < R for

every R > Ry. Then there exist positive constants ci, ¢a, 3, ¢4 such that if t > Rlz/ 3, we obtain
qi(x,y) < clfd/zefcm*ylz/’, forally e Vwith |x —y| <t

and
q:(x,y) > C3t7d/zefc4‘xfylz/’, forally € V with |x — y|*/* < 1.

Now define the space—time regions
Ox,R,T) = B(x,R)x(0,T],

Q (x,R,T)=Bx, 5)x[%. %]

and
04(x, R, T)=B(x, %) x 3L, T1.

We denote t + Q(x,R,T) = B(x,R) x (t,t + T] and similarly t + Q_(x, R, T) =
B(x, %) x [t + %, t+ %] andr+ Q_(x, R, T)=B(x, ®) x [t + 3TT, t + T']. We call a function
u:V xR — Rcaloric on Q if itis defined on Q = Q(x, R, T) and

0
Eu(f, f) = Lu(%,f) forall &,7) e Q.

We say the parabolic Harnack inequality (PHI) holds with constant Cyy for Q = Q(x, R, T)
if whenever u = u(x, t) is non-negative and caloric on Q, then

sup u(X,i)<Cy  inf u(x, 7).
(#.NeQ_(x,R.T) (*.D€Q+(x.R.T)
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It is well known that the heat kernel of a random walk on G started at x is a caloric function;
in fact taking X = 0 and u(x, 1) = ¢,(0, x) we have

] .12 PoYe = »IPy(Yar = x) — Po(Y; = x)Px(Yar # X)
5,40, x) = lim —

di—0 [y dt
1 My x Mx,y
= — (Y Poy, = =2 = 3Py, = x)
Mx Yx My Yoy M

1
— > tey(@(0, ) = 410, x)) = Lg;(0, x).
X y~x

The main result from [4] shows that the PHI holds in regions that are very good according to
Definition 1.

Proposition 2 ([4, Theorem 3.1]). Assume the weights (i y satisfy (1) or (2). Let xo € V.
Suppose that Ry > 16 and B(xg, Ry) is (Cy, Cp, Cy)-very good with Né‘(lgf‘Rl) < R;/(2log Ry).
Then there exists a constant Cy > 0 such that the PHI holds for Q(xi, R, R?) for any
x1 € B(xg, R1/3) and for R such that Rlog R = R;.

A direct consequence of the PHI is the following known proposition, which when applied to
the caloric function u(x, t) = ¢,(0, x) gives that ¢,(0, x) and ¢,(0, y) are very similar to each
other when x and y are close by. This property will be crucial for our proof of local mixing, so
we give the proof of this proposition for completeness.

Proposition 3. Assume the weights (i, y satisfy (1) or (2). Let xo € V. Suppose that there exists
s(xg) > 0 so that for all R > s(xo), the PHI holds with constant Cy > 1 for Q(xo, R, R?). Let
O =10g,(Cy/(Cy — 1)), and for x,y € V define
p(x0, x, y) = s(x0) V |xo — x| V |xg — yl.
There exists a constant ¢ > 0 such that the following holds. Let ry > 2s(xo) and suppose that
u = u(x,t) is caloric in Q = Q(xy, ro, rg). Then for any x1, xo € B(xq, %ro) and any t, t, such
that rg — p(xo, X1, x2)> <1, < rg we have
p(xo, x1, %)\ ©
To

sup |u(t, x)|. (6)

lu(x1, 1) — ulxz, )| < C(
(t.x)€Q+ (x0.r0.r3)

Proof. For any integer k > 0, set ry = 27 kry, and let
Qk) = (rg — ) + Q(xo. re. 1),
Q4 (k) = (rg — ) + Q1 (0, 76, 77)

and

Q-(k) = (r§ — r{) + Q—(x0. i, 7).
This gives that Q. (k) = Q(k + 1). Now take k > 1 small enough, so that r, > 2s(xp). If we
apply the PHI to the non-negative caloric functions —u + supy,u and u — infgqu, we get the
inequalities

supu — inf u < Cyx(supu — sup u)
k) Q- k) 04(k)
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and

sup # — inf u < Cy( inf u — inf u).
0_(k 0(k) 01k 0(k)

Adding them together and using sup, u — infg_xu > 0 gives

supu — inf u < Cy(supu — inf u) — Cy(sup u — inf u).
oky  C® oky  C® 0+ 2+

Denoting by Osc(u, A) = sup,u — inf4u and setting § = CI;I, this gives

Osc(u, Q+(k)) = (1 —8) Osc(u, Q(k)). (N

Next, take the largest m such that r,, > p(xg, x1, x2). Then, applying (7) repeatedly on
0(1) D Q0(2) D ... Q(m) yields, since (x;, t;) € Q(m),

lu(tr, x1) — u(ty, x2)| < Osc(u, Q(m)) < (1 — )"~ Osc(u, Q(1)).

Since

2p(x0,X],X2) ©
ro ’

(1—-8"=2"9< (
the result follows. [

We will also need to control the exit time of the random walk out of a ball of radius r, which
we define as

tx,r)=inf{r : Y, & B(x, r)}.
Proposition 4. Assume the weights i, , satisfy (1) or (2). Let xo € V and let B(xo, R) be

(Cy, Cp, Cy)-very good with Ng” < R. Let x € B(xp, gR). There exist positive constants cy,
C2, €3, C4 sSuch that if t, r satisfy

0<r<R and c;Ni(logNp)'*r <t <c,R*/logR, 8)
then we have

Pe(t(x,r) < 1) < csexp{—car®/t}. ©9)
Proof. The proposition was proven for percolation clusters in [3, Proposition 3.7]. The proof for
more general G is similar and can be found in [4, Theorem 2.2a]. [

Since Propositions 1, 2 and 4 rely on very good balls and the related value Ng, we can assume
a lower bound § such that if R > §, then the conditions of all three are satisfied. More formally,
we assume the following.

Assumption 1. The graph G has polynomial growth; i.e., it satisfies (3). Furthermore, there
exists a sufficiently large valued positive function S : V — R such that for all xy € V and all R,
with R; log R; > S(xg), the ball B(xg, R;) is (Cy, Cp, Cy)-very good with le;(i;(';‘Rl) < R;. As
a consequence, Propositions 1-4 all hold for any R > S(xp).

For i.i.d. weights as defined in Section 1, we obtain the following.
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Proposition 5. If V = Z¢ and the weights 1., are i.i.d. and satisfy (1) or (2), then Assumption |
holds. Furthermore, we have that there exist constants ¢, y > 0 such that

P[S(x) > n] < cexp{—cn”} forall x € Z% and n > 0.

If the weights i, y arei.i.d. and satisfy (1), then Assumption 1 holds with S(x) =1 forallx € V.

Proof. When the weights u, , satisfy (1) (i.e. are bounded away from O and infinity),
Delmotte [6] has shown that the heat kernel bounds from Proposition 1 and the PHI from
Proposition 2 hold for all balls B(x, R), for any R and all x. Therefore, by [4, Theorem 5.7]
we can set S(x) = 1.

For the case when 1, , satisfy (2), we consider first the case when u, , € {0, 1}. Then, [3,
Theorem 1] gives the existence of the heat kernel bounds for t+ > S(x) and [3, Lemma 2.19]
gives the required bound on its tail. [4, Theorem 2.2] then generalizes this result for weights that
satisfy (2) and proves the validity of Proposition 2, for weights satisfying either (1) or (2). O

Remark 1. In [5] it has been shown that when the weights 1, , are i.i.d. but can assume values
arbitrarily close to zero, so neither (1) nor (2) hold, it is possible to find distributions (at least
in dimensions d > 5) for which Assumption 1 does not hold. Hence, even though we do not
explicitly use uniform ellipticity of p, , in our proofs, this property has a fundamental role in
our analysis. Recent results (see, for example, [1]) have been derived to relax assumption (2), but
they do not establish all the properties we need.

Remark 2. In this paper we limit ourselves to the so-called constant speed random walk
(CSRW). Similar results to the ones listed in this section also exist for variable speed random
walks (VSRW), i.e. random walks where the jump rate from site x to site y is u, , instead of
“;—X} (see for example [1,2]). Similar to the previous remark, these results do not imply all the
properties we need, though we believe that with some additional assumptions our approach can
be applied also to the VSRW case.

3. Decoupling via local mixing

In this section, we will restrict to the case V = Z¢ and (x, y) € E if and only if
lx — ylli = 1, but we do not assume the . , are i.i.d. We define a cube of side length z > 0
as Q. = [—z/2,z/2]%. In the remainder of the paper, we will work with the heat kernel ¢, as
defined in (5). Since we allow p, , = 0, it is possible for two sites not to be connected. To address
this we require the existence of an infinite component. Formally, we assume the following.

Assumption 2. For each (x, y) € E, either j, , = 0 or it satisfies (1) for a uniform constant Cy.
Moreover, the weights p , are such that an infinite connected component of edges of positive
weight within G exists and contains the origin.

With this let C, be the infinite connected component of G that contains the origin and define
Q.= 0.NCx.

We note that if pu, , satisfy (D, then Assumption 2 is automatically satisfied. If instead (2)
holds We will continue to call Q, as a “cube”. We are now ready to state the more detailed
version of Theorem 3.
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Theorem 4. Let iy, satisfy Assumptions 1 and 2 and let ¢ > 0 be an arbitrary constant.
There exist constants cg, c¢1, C > 0 such that the following holds. Fix large enough K > £ > 0,
€ € (0, 1). Consider the cube Q tessellated into subcubes (T;); of side length €. Let (x;); C QK
be the locations at time O of a collection of particles, such that each subcube T; contains at
least Zyeﬂlgﬂy particles for some B > 0. Assume that £ > S%tY(x) for all x € Qk and
sufficiently large so that Zyei- By > c for all subcubes T;. Let A > col2e*/© where O is as
in Proposition 3. For each j denote by Y; the location of the jth particle at time A. Fix K' > 0
such that K — K’ > ~/Acie V4. Then there exists a coupling Q of an independent Poisson
point process Y with intensity measure {(y) = (1 — €)u,, y € Coo, and (Y;); such that within
Ok C Ok, Y is a subset of (Y;); with probability at least

1— Z exp{—Cﬂy,yezAd/z}.

YEQgs
Note that, due to Proposition 5, Theorem 3 is a special case of Theorem 4, which we
prove below. In order to do so, we will use something called soft local times, which was
introduced in [12] to analyze random interlacements, following the introduction of local mixing
in [13,11,14]; see also [8] for an application of this technique to random walks on VAS

Proposition 6. Let (Z;);<; be a collection of J independent random particles on V distributed
according to a family of density functions g; : V — R, j < J. Define for all y € V the soft local
time function H;(y) = ZJJ.ZIE 18;(y), where the &; are i.i.d. exponential random variables of
mean 1. Let  be a Poisson point process on V with intensity measure p : V — R and define the
event E = {the particles belonging to \r are a subset of (Z_,-)jsj} . Then there exists a coupling
between (Z;) <y and y, such that

PLE] = P[H,;(y) = p(y), Yy € V].

Proof. The coupling is introduced in [12, Section 4] and proven in [12, Corollary 4.4]. A
reformulation of the construction for particles on a graph can be found in [8, Appendix A],
and our claim corresponds to [8, Corollary A.3]. [

We are now ready to prove Theorem 4.

Proof of Theorem 4. By Proposition 6, there exists a coupling Q of an independent Poisson
point process Y with intensity measure ¢(y) = B(1 — €)u,1 yedy) and the locations of the
particles Y;, which are distributed according to the density functions fa(x;, y) = ga(x;j, y) iy,
¥ € Cwo, such that the particles belonging to ¢ are a subset of (¥;); with probability at least

QIH,(y) > Buy(1 —€), Yy € Q]

where H;(y) = Z]J‘:f ifa(xj,y), (§;)j<s are ii.d. exponential random variables with
parameter 1, and J is the number of particles inside Q. We first observe that the probability of
the converse event is

QMEy € Ok = Hy(y) < Buy(1— )] < Y QLH,(y) < Biuy(1 — €)]
)’EQ](/

< > e PUORC[exp(—k Hy (y)},

}’EQK/

A
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where we used Markov’s inequality in the last step, which is valid for any ¥ > 0. Let c; be a
large positive constant which we will fix later and let

R = x/che_'/d.

Let J' beasubsetof {1, 2, ..., J} such that for each T}, J' contains exactly [-Zyefi By particles
that are inside 7;. Define J'(y) C J' to be the set of j € J' such that |x; — y| < R and define
H'(y) as H;(y) but with the sum restricted to j € J'(y). Since H,;(y) > H'(y) we get that

Clexp{— H;(»)}] < Eexp{—k H'(y)}]. (10)

Next, we use that the &; in the definition of H are independent exponential random variables to
obtain

E%fexp{—k H'(»} = [] E%lexp{—k&; falxj. )]
jed’ (»)

H (1+Kf4(x,~,y))_l~ (1)

Jjed’(y)

Using Taylor’s expansion we have that log(1 + x) > x — x? for |x| < & 5. Since £ > S(x), we
have for all x for which |x — y| < R ++/d¢ that Proposmon 1 holds, and so qA(x y) < ey AT4?
for a constant ¢; > O and all y € Q x and all x € | T,, where the union runs across all T
for which there exists j € J'(y) such that x; € T;. Note that by definition, making the constant
co large ensures for £ > S(x) that A is large enough with respect to Proposition 1. Hence if
k = Ce A%? for the constant C = (4Cycy)~', then

sup  kfa(t.y)=  sup  kpyqgax,y) < Cpew A < S
x€B(y, R++/dt) x€B(y, R++/db)

For such a value of k¥ we have

[T (0 +cfatn)™ < T exp{—«falej. )0 = cfalxj. y))
jed'(» jeJ' )
<expy— Y kfalxj,) (1— sup fo(x,y)>
jel'(y) x€B(y, R++/dt)
<expl—« Y falxj,y)(1l—€/4)p. (12)
jed’ (»)
We claim that
Y falxj,y) = Buy(l—e€/2), (13)

Jel'(y)
which together with (12), (11) and (10) give that

Q[3ve Ox: Hi) < Buy(1 = @)] = exp ficn, B =€) — kB, (1 — €/2)(1 — €/4)}
exp {—Kﬁ/l,ye/4} .

IA

Using the value of « gives the theorem.
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' e T be such that

It remains to show (13). For each T, and each particle x; € 7~”,-, let x ;

fa(x, y) = max,,.z fa(w, y). Then, write
ST fali )= Y0 (falhy) = 1 fatxh y) = falej. p)) - (14)
jerm) Jjerm)

We have for each T,
D falx),y) = max fa(w,y) Y 1

weT;

jel'y) jel'y)
xjeTl- xjeTl-
> max fa(w,y) ) Bu;
weT; -
zeT;
> Y Buafa, y). (15)
zeT;

Set R(y) to be the set of all sites z such that |z — y| < R — Jde; the right hand side of this
expression is positive since by definition R is proportional to £ and c; is assumed to be large.
Note that if z € R(y) then for all particles x; with x;. =zand j € J' we have j € J'(y). We

observe that since 4, fa(z, ) = 4y fa(y, 2), we have by using (15) for each 7; that
D7 falhy) = > Buafay)
jel (») Z€R(Y)

By Y fa(y.2).

ZER(Y)

Then, since £ > S9*!(x) we have by Proposition 4 that there exist constants ¢4 and c5 such that

Y faleh,y) = BuyPy(z(y, R = Vde) > A)
jed’(»)
> By (1 — cyexp{—cscie 7}

= Byl —€/4), (16)

where we set ¢| large enough with respect to ¢4 and cs for the last inequality to hold.
Now it remains to obtain an upper bound for the term Zjej,(y)lfA(x}, y) — falxj, y)|. We
define I to be the set of all i such that T, contains a particle x; from the set (x;);e;/(. Then,

since £ > S(x), there exist positive constants Cpy; and Cy such that if we apply the PHI (cf.
Proposition 3) with

rg =A> 6'052674/@ (17)

for some constant ¢y > d, we obtain

D 1fa@h ) = fale =D > 1fal) y) = falxs. v
JjeJ'(y) iel jeJW!y

=y Y D> lgaf.y) — qalx;. )l

iel jeJKyy
xjel;
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CPHIZQC A_d/z
“J'Z Z A6/ BH

iel jeJ'(y):
ijT,-

2 max 1,% BuxCpp£® _
MyZZ { A}Q/z P Cpu A2,

IA

A

i€l xeT;
where in the first inequality we replaced the supremum term coming from Proposition 3 by

its upper bound Cppy A~42 from Proposition 1, and used that ry = «/Z in the bound from
Proposition 3. Then

/ 1 _
D 1falf, ) = falxj, 0] < 2max{1, ;}ﬂuycpchHZZm@A (o2

jel'o) iel xef;

1
< Zmax{l, —} ﬂl/vyCPHICBHCURdEQA*(‘”@)/Z
c

€
= Buyg (18)

where the last inequality holds by using A > c¢of?¢ %€ and setting ¢y >
(2max {1, 1} Cpy;CpuCyc)=/?. Note that in order to use Proposition 3, we need to have that
each pair x;, x} is contained in some ball B(xo, 79/2). This is satisfied since [lx; — x} | < de
and ry is set sufficiently large by (17). Plugging (18) and (16) into (14) proves (13). [

4. Extensions

Although the estimate derived in Theorem 4 does not depend on the particles outside of Ok
at time 0 when K — K’ is sufficiently large, it still depends on the geometry of the entire graph
outside of Q. In some applications, as in our companion paper [7], one needs to apply this
coupling in many different regions of the graph simultaneously. In such cases, in order to control
dependences between different regions, it is important that the coupling procedure depends only
on the local structure of the graph. In order to do this, we will condition the particles to be inside
some large enough, but finite region while they move for time A. Recall that, for any p > 0,
Q,=1-p/2,p /2]% is the cube of side length p. For any p > 0, we say that a random walk has
displacement in Q , during [0, A]if the random walk never exits x + Q, during the time interval
[0, A], where x is the starting vertex of the random walk.

Lemma 1. Let u, , satisfy Assumptions 1 and 2. There exist constants ¢i and ¢, so that the
following holds. Let V. =74, £ > 0 and consider the cube Q. Assume € > S(x) forall x € 0.
Let A > c£% and p > c2y/Alog A. Consider a random walk Y that moves along G for time
A conditioned on having its displacement in Q, during the time interval [0, A]. Let x, y € 0,
with x being the starting point of the walk, and define

glx,y) =P, [YA =y | Y has displacement in Q, during [0, A]] .
Then there exists a constant C > 2 such that for x, y, z € Q@ we have

g(x,y) 8@z y) < CLOA-@+O)2,
Hy My
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Remark 3. Note that the above bound has the same form as the one for the heat kernel of
unconditioned random walks in Proposition 3, with the supremum being bounded above by the
heat kernel bound from Proposition 1. This allows us to extend Theorem 4 to random walks
conditioned to have a bounded displacement during [0, A].

Proof of Lemma 1. Denote by pg(p) the probability that a random walk started at x has
displacement in Q, during [0, A]. From Proposition 4 , we have that if A is sufficiently big,
then

1 — pe(p) < P,[Y exits B(x, p/2) during [0, A]]
=P(r(x, p/2) < 4)
< caexp{—cpp’/A}. (19)

Next, using h(x, y) = P, [YA =y | Y exits x + Q, during [0, A]] and fa(x,y) = P [YAa
= y], we can write

falx,y) =g, y)pe(p) + hix, y)(1 — pe(p)).
With this we have

1
g(x,y) < falx, y)——. (20
PE(P)

Then, we can write

g, y) 8@z y)

_1 <g(x,y) g(z,y)>
= Hglx,y)>g )} -

Hy Ky Ky My
8z, y)  glx,y)

+ ]l{g(x.,y)<g(z,y)} < Ly 1Ly >
< Ligesrmgtom <fA(x y)  fa@z y) n h(z, y)(1 — pE(p)))
- ’ 1y pe(p) iy pE(P) PE(P)iLy

L igesyogtem) (fa(z, M _ falbey) | hxy)d - pE(p))>

' U\ uype(p)  mype(p) PE(P)iLy

2 1940, X) — g4y, 2| n max{h(x, y), h(z, y)}(1 — pE(p))_
B pe(p) pe(P)iLy

Note that A(x, y) can be written as E[ fo_.(w, y) | T < A], where 7 is the first time Y exists
x + Q, and w is the random vertex at the boundary of x + Q, where Y is at time 7. Since
the weights i, , satisfy (3) by Assumption 1, we have that La=t®-Y) §¢ at most some positive
constant c¢. This holds because either A — 7 is larger than |w — y|, "which allows us to apply heat
kernel bounds from Proposition 1, or A — t is smaller than |w — y| so fa_.(w, y) is bounded
above by the probability that a random walk jumps at least |w — y| steps in time A — 7, which
is small enough since |w — y| is large. This gives that w is at most c. With this and
(19) we obtain that

max{h(x, y), h(z, YY1 — pe(p)) _ cca b { —cpp’ }

uype(P) ~ pe(p) A
cc,

PE(P)

IA

exp {—cpcylog A}.
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By (19) we can just bound pg(p) below by 1/2. Then, applying Proposition 5 to |ga(y, x) —
ga(y, 2)|, and using Proposition 1 to bound the resulting supremum term, concludes the
proof. [

The next theorem is an adaptation of Theorem 4 for conditioned random walks. Note that we
need a stronger condition on K — K’ below than in Theorem 4.

Theorem 5. Let uu, , satisfy Assumptions 1 and 2 and let ¢ > 0 be an arbitrary constant. There
exist constants cy, ci, C > 0 such that the following holds. Fix large enough K > ¢ > 0 and
€ € (0, 1). Consider the cube Q tessellated into subcubes (T;); of side length €. Let (x;); C Qk
be the locations at time 0 of a collection of particles, such that each subcube T; contains at
least Zyef,- Buy particles for some B > 0. Assume that £ > S (x) for all x € QK and
sufficiently large so that Zyef,- By > c for all subcubes T,. Let A > cot2¢=*©, where O is
as in Proposition 3. Fix K’ > 0 such that K — K’ > ¢,/Alog A. For each j, denote by Y;
the location of the jth particle at time A, conditioned on having displacement in Q g _g' during
[0, A). Then there exists a coupling 'Q of an independent Poisson point process Y with intensity
measure {(y) = B(1 — )iy, y € QK, and (Y;); such that within QK/ C QK, Y is a subset of
(Y;); with probability at least

11— Z exp{—Cﬂu),ezAd/z}.

YEQK/

Proof. Using Lemma | and (20) when setting «, the proof goes in the same way as the proof of
Theorem 4. The independence from G outside of Q x follows from the fact that we only consider
particles which have displacement in Q ¢k’ and ended in Q g/, so that they never left Q ¢ during
[0,4]. O

4.1. Extension to other graphs

We have shown that the local mixing result of Theorems 4 and 5 works for Z¢, but they can
easily be extended to the more general graphs defined in Section 2, as long as Assumptions 1 and
2 hold.

We start with a region A € Co around the origin of G and tessellate it into tiles (7;);c; of
diameter at most £. Let A be as in Theorem 4. Let A’ C A be all the sites in A that are at least
VAcie="? 4 c¢ away from the boundary of A. Then, if A’ is not empty, using the same steps
as in the proof of Theorem 4, if each tile 7; of A contains at least 8 Zv 1, My particles at time 0,
it holds that in the region A’, there is a coupling with an independent Poisson point process i of
intensity measure ¢ (y) = B(1 — €)u, such that at time A the particles inside A’ are contained in
Y with probability at least

1— Z exp {—Cﬁu)vezAd/z} ,
yeA’
for some constant C > 0.
Furthermore, Theorem 5 can analogously be extended in the same way, if we require that A’
contains only sites that are at least ¢;/ A log A away from the boundary of A, for some constant
c1, and if we condition the random walks to have their displacement limited to a ball of radius

c1y/Alog A.
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5. Spread of the infection

Our goal in this section will be to use Theorem 5 in order to show that on the graph
G=(V,E)withV =Z%and E = {(x,y) : |lx — y|l; = 1}, and with My, (x,y) € E being
ii.d. and satisfying (1), information spreads with positive speed in any direction, as claimed
in Theorems | and 2. In this setting, Proposition 5 guarantees that Assumption 1 holds with
S(x) = 1 and since u, , # 0 for all (x, y) € E, we also have that Assumption 2 holds.

Recall that we assume d > 2. Tessellate Z¢ into cubes of side length ¢, indexed by i € Z¢.
Next, tessellate time into intervals of length g, indexed by t € Z. With this we denote by the
space—time cell (i, 7) € Z/*! the region ]_[?zl[ijﬁ, (ij + 1)¢] x [tB, (x + 1)B]. In the following,
B is set as a function of £ so that the ratio 8/£2 is fixed first to be a small constant, and then £ is
set sufficiently large.

We will use a result from [7] that gives the existence of a Lipschitz connected surface (cf.
Definitions 3 and 4) that surrounds the origin and which is composed of space—time cells, for
which a certain local event holds. This will allow us to obtain an infinite sequence of space—time
cells, such that the infection spreads from one cell to the next.

In order to obtain this result, we will need to consider overlapping space-time cells. Let
n > 1 be an integer which will represent the amount of overlap between cells. For each cube
i = (i, ...,iy) and time interval 7, define the super cube i as ]_[;{:1 [Gj —mE, (i; +n+1)¢] and
the super interval t as [18, (t + n)B]. We define the super cell (i, ) as the Cartesian product of
the super cube i and the super interval <.

In the following we will say a particle has displacement inside X’ during a time interval
[70, to + 1], if the location of the particle at all times during [y, # + #;] is inside x + X’, where x
is the location of the particle at time #,. We define a particle system on Z¢ as a countable family
of not necessarily unique elements of Z“, indexed by some countable set I, representing the
locations of the particles belonging to the particle system. Let (I;);>0 be a sequence of particles
system on Z¢, with II, representing the locations of the particles at time s. We say a particle
system I is distributed according to a Poisson random measure of intensity ¢, if for every
B C Z¢, N(B) is a Poisson random variable with intensity ¢(B), where N(B) is the number of
particles belonging to II; that lie in B. We say an event E is increasing for (Il;)s>o if the fact that
E holds for (II;),>¢ implies that it holds for all (II)),>( for which II] O II; for all s > 0. We say
an event E is restricted to a region X C Z¢ and a time interval [fy, f;] if it is measurable with
respect to the o-field generated by all the particles that are inside X at time # and their positions
from time #; to #;. For an increasing event E that is restricted to a region X and time interval
[#0, 1], we have the following definition.

Definition 2. v is called the probability associated to an increasing event E that is restricted to
X and a time interval [#y, tp + ¢1] if, for an intensity measure ¢, vg(¢, X, X', t;) is the probability
that E happens given that, at time #;, the particles in X are a particle system distributed according
to the Poisson random measure of intensity ¢ and their motions from #, to fy 4 #; are independent
continuous time random walks on the weighted graph (G, ), where the particles are conditioned
to have displacement inside X'.

For each (i, 7) € Z4t!, let E4(, T) be an increasing event restricted to the super cube i and
the super interval t. Here the subscript st refers to space—time. We say that a cell (i, t) is bad if
E(i, t) does not hold and good otherwise.

We will need a different way to index space—time cells, which we refer to as the base-height
index. In the base-height index, we pick one of the d spatial dimensions and denote it as height,
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using index & € Z, while the remaining d space—time dimensions form the base, which we index
by b € Z4. In this way, for each space—time cell (i, T) there will be (b, h) € Z¢*! such that the
base-height cell (b, h) corresponds to the space—time cell (i, ). In other words, the base-height
index is a (fixed) permutation of the coordinates of the space—time index which emphasizes
one of the coordinates (either spatial or time) by making it the last coordinate. We will use the
base-height index to define a d + 1 dimensional object called the two-sided Lipschitz surface, for
which one of the coordinates plays a special role—we will use the coordinate / of the base-height
index for this purpose.

We analogously define the base-height super cell (b, h) to be the space—time super cell (i, 7),
for which the base-height cell (b, h) corresponds to the space—time cell (i, 7). Similarly, we
define Ewn(b, h), the increasing event restricted to the super cell (b, ) that is the same as the
event Eq(i, T) for the space—time super cell (i, 7) that corresponds to the base-height super cell
(b, h). Here, the subscript bh refers to the base-height index.

In order to prove Theorems 1 and 2, we will need a theorem from [7], which gives the
existence of a two-sided Lipschitz surface F'.

Definition 3. A function F : Z? — Z is called a Lipschitz function if |[F(x) — F(y)| < 1
whenever ||x — y||; = 1.

Definition 4. A two-sided Lipschitz surface F is a set of base-height cells (b, h) € Z*! such
that for all b € Z¢ there are exactly two (possibly equal) integer values F, (b) > 0 and F_(b) < 0
for which (b, F1(b)), (b, F_(b)) € F and, moreover, F, and F_ are Lipschitz functions.

We say a space—time cell (i, t) belongs to F if there exists a base-height cell (b, h) € F that
corresponds to (i, 7). We say a two-sided Lipschitz surface F exists, if for all b € 72, we have
F.(b) < oo and F_(b) > —oo. For a positive integer D, we say a two-sided Lipschitz surface
surrounds a cell (b, h') at distance D if any path (b, h') = (by, hy), (b1, h1), ..., (b,, hy) for
which ||(b;, hi) — (bi—1, hi—)|ly = 1 foralli € {1,...n} and |(b,, h,) — (bo, ho)ll1 > D,
intersects with F.

We now present the main result from our paper [7], which holds for graphs where a local
mixing result, such as the one in Theorem 5, hold. More precisely, for a graph satisfying
Assumption 1 and (1) (which implies Assumption 2 holds) we have that Theorem 5 holds (with
S(x) = 1 for all x € V), which in turn gives that the following result from [7] holds. Recall that,
for any p > 2, Q, stands for the cube [—p/2, p/ 2]¢, and that A is the intensity measure of the
Poisson point process of particles as defined in Section 1.

Theorem 6. Let G = ((Z¢, E), u) with d > 2 be a nearest neighbor graph satisfying
Assumption 1 and (1). There exist positive constants cy, ¢y and c, such that the following holds.
Tessellate G in space—time cells and super cells as described above for some £, 8, n > 0 such
that the ratio B/0> < co. Let Eq(i, T) be an increasing event, restricted to the space—time super
cell (i, 7). Fix € € (0, 1) and fix w such that

np 8¢y
> [ —1 — ).
W= 02 0g< € )

Then, there exists a positive number o that depends on €, 1 and that ratio B/* so that if

1
min { C;,'e?Aot?, 1og< )} > ay, 21
{ M I — v, (1 — A, OQaptiyes Que, nB)
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a two-sided Lipschitz surface F where Ey(i, T) holds for all (i,t) € F exists almost surely.
Furthermore, the surface surrounds the origin at a finite distance almost surely.

We now briefly explain the main conditions for the establishment of the above theorem.
We will fix /€% to be an arbitrary, but small constant. The value of 5 defines the super
cubes, which just model how much overlap we need between the cells of the tessellation (to
allow information to propagate from one cell to its neighbors). Once these two parameters
are fixed, we need to satisfy (21). First we need Cn}lezkoﬁd > op. After fixing €, this can
be satisfied either by setting £ large enough (which makes the cells of the tessellation large),
or by assuming that the density of particles X is large enough. Then we still need to make
VE (1 —€)A, Qoytiye, Que, B) = 1 —exp(—ay). Usually Eg is a local event that becomes more
and more likely by setting ¢ larger and larger; so having ¢ large enough suffices to satisfy this
condition as well. The value of € > 0 is introduced so that in vg, we can consider a Poisson
point process of particles of intensity measure (1 — €)A, slightly smaller than the actual intensity
of particles. This slack is needed to restrict our attention to the particles that “behave well”.
Then the lower bound on w is to guarantee that, as particles move in Q ;1) for time 8, with
high probability they do not leave QO (2,+1)¢+we, allowing a better control of dependences between
neighboring cells of the tessellation.

Recall that we want to show that the infection spreads with positive speed. Given a space—time
tessellation of G and a local increasing event E, Theorem 6 gives the existence of a Lipschitz
surface F on which Eg holds. Let T = ¢5/3. We will define the increasing event Eq(i, T) to
represent a single infected particle in the middle of the super cube i at time 78 infecting a large
number of particles in that super cube by time t8 + 7', after which the infected particles move
up to time (t + 1), spreading to all of the cubes contained in the super cube.

Let (i, T) be a space—time cell as defined previously. We consider that there is an infected
particle in the center cube of the super cube i at time 78, that is, the particle is inside
]_[‘;zl[i i, (i; + 1)£]. Starting from time 78, we let the infected particle move and infect
sufficiently many other particles by time 78 + T. This is given in the lemma below.

Lemma 2. Let 7,i and 1 be fixed and let T = €3 as above. There exist positive constant C,
such that the following holds for all large enough £. Let Q* = ]_[‘j:l [G; — e, (; +n+ DE]
and let (p(1))rp<i<-p+7 be the path of an infected particle that starts in ]_[‘;:l [ij¢, @; +1)] and
stays inside ]_[?zl[(ij —n+ D, (i; + n)e] during [tB, tB + T]. Assume that at time tf, the
number of particles at each vertex x € Q* \ p(tB) is a Poisson random variable of mean %" oy
Let T be the set of these particles, and let T' C T be the particles colliding with the path p, that
is, for each particle of T’ there exists a time t € [18, T8 + T] such that the particle is located
at p(t). Then, | T’| is a Poisson random variable of mean at least Cyiol'/3.

Remark 4. We note that the statement of Lemma 2 is conditional on the path (0(7)) ;<< 7-
The bound we obtain is uniform across all such paths that we will consider later in Lemma 4, so
we omit this in our notation.

Proof. For each time ¢ € [t8, 18 4+ T1], let ¥, be the Poisson point process on V giving the
locations at time ¢ of the particles that belong to 7. Since the particles that start in Q* move
around and can leave Q*, we need to find a lower bound for the intensity of ¥, for times in
[t8, T8 + T]. Note that the infected particle we are tracking is not part of ¥, since ¥ does not
include particles located at p(7 ) at time 7.
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We will need to apply heat kernel bounds from Proposition 1 to the particles in Q*, so we
need to ensure that the time intervals we consider are large enough for the proposition to hold.
We will only consider times ¢ € [¢*/3, T] so that for large enough ¢, t > sup rEQ* [lx —y|l1 and so

€0*
the heat kernel bounds from Proposition | hold. Then, we have that for all sites x € Q* that are
at least £ away from the boundary of Q* and at any such time ¢ the intensity of ¥.g., at vertex
x € V is at least

YO TBHN = Y By g (vox) =R Y PuY =yl

yeo* yeQ*
y#p(Tp) y#p(TB)

where we used in the last step that the heat kernel ¢, is symmetric. We now use the exit time
bound from Proposition 4 to get that

> BLY, = y1 = 1 - cyexp{—cst®/1).
yeQ*

Next, we use that P, [Y; = y] = uyq:(x, ¥) < Cyq;(x, y), and use Proposition 1 to account for
the particles at p(tf), yielding

Z P.[Y; =y]>1—c3exp {—C4Z2/t} — Cyest ™2,

yeQ*
y#p(Th)

This gives that for any ¢ € [¢*3, T], the intensity of W, is at least
Y, tB+1) > 2 p (1 — cyexp{—cal?/ T} — Cyest23).

Let [t8, 8 + T] be divided into subintervals of length W e (0, T'], where we set W = ¢4/ 3
so that it is large enough to allow the use of the heat kernel bounds from Proposition 1. Let
J=A{1,...,|T/W]}and t; := 18 + jW. Then the intensity of particles that share a site with

the initially infected particle at least once among times {t, f2, ..., f|7/w} is at least
Z V(@) )P Yr—r; # p(r) Vr € {tjqr, ... tirywit]
jel

> 200 (1= csexp{—cal?/ T} — Cuest )Y | 1= "Ppupl¥e—y, = p(t)]
jeJ >
We want to make all of the terms of the sum over J positive, so we consider the term
Zz>j]P)P(fj)[Xlz_Tj = p(t;)] and show that it is smaller than % for large enough £. To do this,
we use that P,[Y, = y] = pu,q,(x, y) with the heat kernel bounds from Proposition 1, which
hold when W > ¢4/3 and ¢ is large enough, to bound it from above by

D PoiuplVes; = P < ) CuCrx(t: — 1)~
z>j z>j
T/W—j
< CyCpx W2 Z 7742 (22)
z=1
where Cp g is the constant coming from Proposition 1. Then, (22) can be bounded from above
by
T/W—j T/W
CyCyx W42 <2 + Z Z_d/z) < CyCux W42 (2 +/ Z_d/zdz) . (23)
z=3 2



P. Gracar and A. Stauffer / Stochastic Processes and their Applications 129 (2019) 3547-3569 3565

Let C be a constant that can depend on Cpg, Cy and d. Then for d = 2, (23) it is smaller than
CW~'1og(T /W), and for d > 3 the expression in (23) is smaller than C W~%/2, Thus, setting ¢

large enough, both terms are smaller than %

Then, as a sum of Poisson random variables, we get that 7" is a Poisson random variable with
a mean at least

20, (1= cyexp{—2c40*/ T} — Cyest ™)L
Using that T = ¢°/3 and setting ¢ large enough establishes the lemma, with C; being any constant
—1
satisfying C; < CTM. O
Next we show that the particles from Lemma 2 move to nearby cells, spreading the infection.

Lemma 3. Letz = (z1,...,z¢) withz; € {—=n,—n+1,...,n} forall j € {1,. d} and fix
the ratio B/€>. Let A(i, T, N, z) be the event that given a set of N > 0 particles in 1_[/ G —

me, (j +n+ 1] at time T8 + T, at least one of them is in ]_[j G +z)8, (5 +zj + DE] at
time (t 4+ 1)B. Then, if £ is sufficiently large while keeping B/{? fixed, we obtain
P[A(ia T, Nv Z)] Z 1 - exp{_Nc[?}s

where ¢, is a positive constant that is bounded away from 0 and depends only on d, n and the
ratio B/ €.

Proof. Let Q* = ]_[‘]1 LG —me, G +n+1)€f]and O™ = H‘;:l[(ij +2z;)¢, (ij +z;+ 1)£]. For
23 > sup ng* [lx — y|l1, define p; := lanEQ*Z)eQ**P [Y; = y]. Then, if we define bin(N, p,)

tobea bmomlal random variable of parameters N € N and p; € [0, 1], it directly follows that
P[AG, 7, N, 2)] = P[bin(N, p;) = 1] = 1 —exp{—Np,}.

It remains to show that for r = 8 — T, we have that p; > ¢, > 0 for some constant c,.
We will use the heat kernel bounds for the pair x, y, which hold if ||x — y||3/ ? < B — T for all
x € Q*,y € Q*. Given the ratio 8/¢2, d and 7, this is satisfied if £ is large enough. Then we
have that

Pp-T = xlean* P [Ys_r =yl
> inf C)' Y gpr(x,y)
xeQ*
yeQ**
~ inf C-! ZC,B d/zexp{ llx —yllf}
jutl 1 .
regr M L, tp-T

Now we use that x and y can be at most ¢, £ apart where ¢, is a constant depending on d and n
only, and that 8 — T > /2 for £ large enough. Hence,

2(cy ) }

Pp-1 > mf (o Zcﬂd/zexp{ 8

yeQ**

1\%? 2(cyl)>
:C;;c,zd<ﬁ> exp{—cz (C’;) }

>c,. O
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In the next lemma, we will tie together the results from Lemmas 2 and 3. In order to precisely
describe the behavior of the particles involved, we say a particle x collides with particle y during
a time interval [#, #,], if for at least one t € [ty, 1], x and y are at the same site.

Lemma 4. Consider the super cell (i, T). Assume that at each site x € ]_[?=1 [G; — e, G +
n + 1){] the number of particles at x at time tf is an independent Poisson random variable
of intensity %"ux, and let T be the collection of such particles. Assume that, at time tf, there
is at least one infected particle x inside ]_[‘;zl[ijﬁ, (ij + 1)X]. Let Eq(i, T) be the event that at
time (t + DB, for all i’ € Z¢ with ||i — i'|lec < 1, there is at least one particle from T in
]_[‘;21[(1'})@, (i;» + 1)¢] that collided with xq during [t8, T8 + T). If € is sufficiently large for
Lemmas 2 and 3 to hold, then there exists a positive constant C such that

PlEw(, T)] > 1— eXp{—CA0E1/3}.

Proof. We note that, by definition, the event E(i, 7) is restricted to the super cube ]—[‘;:l [G; —
¥, (ij + n + 1)£] and time interval [t8, (tr + 1)B]. We define the following 3 events.

Fy: The initial infected particle xo never leaves ]—[7:,[(1' i —n+ DL G +n — 1)f] during
[tB, B + TI. '

F>: Let C; be the constant from Lemma 2. During the time interval [t8, 8 + T'] the initial
infected particle x collides with at least C‘A+W3 different particles from 7 that are in the
super cube Q** = I—[‘;:l[(ij -, (i +n+1)f]attime T8+ T.

F3: Out of the C‘A+W3 or more particles from F,, at least one of them is in the cube
]_[‘le[(ij + k), (i; + k;j + 1] at time (z + 1), for all & = (ky, ..., ky) for which
152106 + kL. G+ k; + el € 0.

By definition of the events, we clearly have that P[E(i, T)] > P[F; N F, N F3].

Using Proposition 4 we have

P[Fi]1>1— Cyexp{—C30*/T} = 1 — Cyexp{—C3¢'/°} (24)

for some positive constants C, and C3. We observe that Fj is restricted to the super cube
]_[‘;:1 [(ij — )¢, (i; + n + 1)¢] and the time interval [t8, T8 + T.

For the event F;, we apply Lemma 2 to get that the intensity of the Poisson point process
of particles that are in Q** at time t8 and collide with xo during [t8, 78 + T1] is at least
XoC1£'73 for some positive constant C;. Since every particle that collides with x; enters
H?:l[(ij —n+ D&, (i; + n)¢] during [t8, T8 + T], we can use Proposition 4 to bound the
probability that the particle is inside of Q** at time 78 + T by

Cy0?
1 —C,exp {_bT} =1—C,exp{—Cyt'?},

for some positive constants C, and Cj. This term can be made as close to 1 as possible by having
¢ sufficiently large. We assume £ is large enough so that this term is larger than 2/3. This gives
that the intensity of the process of particles from 7" that collided with xy during [t8, T8 + T']
and are in Q** attime 8 + T is at least

200C1 €3
3 .
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Using Chernoff’s bound (see Lemma 5) we have that
P[F2] = 1 — exp{—(2/3)*Cihot' ). (25)

Note that, by construction, F, is restricted to the super cube Q** and the time interval
[tB, T8 + T]. Furthermore, F; is clearly an increasing event.

We now turn to F3. Using Lemma 3, and a uniform bound across the number of cubes inside
a super cube, we have that

(oY VYA
%cp}, (26)

where ¢, is a small but positive constant. Again, the event is restricted to the super cube Q**
and the time interval [t8 + T, (tr + 1)B] and is an increasing event. Taking the product of the
probability bounds in (24)—(26), we see that the probability that E(i, t) holds is at least

1— exp{—CkOEm}

P[F3] > 1 — (20 + 1)? exp{—

for some constant C and all large enough ¢.

Proof of Theorem 1. We start by using Theorem 6. Set n € N such that n > d and set e = 1/2.
Fix the ratio 8/£> small enough so that the lower bound for w is at most 2n + 1, and then set
w = 2n + 1. Assume ¢ is large enough so that Lemma 4 holds.

For each (i, 7) € Z4t!, define Eq(i, 7) as in Lemma 4. This event is increasing in the number
of particles, is restricted to the super cube i and time interval 78, (z + 1)B], and satisfies

P[Eq(i, T)] > 1 — exp{—Chrot'},

AQlx
2

for some constant C. Hence, letting A /2 stand for the measure %(x) =

1
log - > Capl'”?,
1 —ve (5, Qagtnes Qan+ne, 1B)

which increases with ¢, as does the term €21¢? in the condition of Theorem 6. Thus, setting ¢
large enough, we apply Theorem 6 which gives the existence of a two-sided Lipschitz surface F,
on which the event E(i, 7) holds. We also get that the surface is almost surely finite and that it
surrounds the origin.

We now proceed to argue that the existence of the surface F implies that the infection spreads
with positive speed. Since the two-sided Lipschitz surface F is finite and surrounds the origin,
we have that in almost surely finite time, an infected particle started from the origin will enter
some cube ]_[;{:1 [i;£, (i; + 1)€] for which (i, ) is in F. We call this the central cube of (i, 7).
Once that holds, the starting assumption of Eq(i, ) from Lemma 4 is satisfied for the super
cell (i, 7), and the event Ey(i, ) holds. By the definition of E(i, t) this means that the initial
infected particle for the super cell (i, ) infects a large number of other particles, which spread
the infection to the central cube of (i’, T + 1) for all i’ € Z¢ such that ||i’ — i|lec < 7.

Let (b, h) be the base-height index of the cell (i, ) € F. Recall that % is one of the spatial
dimensions. We will also select one of the d — 1 spatial dimensions from b and denote it b;. Let
b' € 7 be obtained from b by increasing the time dimension from 7 to  + 1, and by increasing
the chosen spatial dimension from b, to b; + 1. Since ||b — b'||; = 2, we can choose i’/ € Z
such that (b’, ') € F and |h — h'| < 2, where the latter holds by the Lipschitz property of F.
Therefore, there must exist i’ € Z¢ such that (i’, T+ 1) is the space—time super cell corresponding

, we have




3568 P. Gracar and A. Stauffer / Stochastic Processes and their Applications 129 (2019) 3547-3569

to (b', k) and ||i —i'||oc < 1. Hence, at time (r + 1), there is an infected particle in the central
cube of the super cell i'.

We can then recursively repeat this procedure for the super cell (i’, T + 1), since Eq(i’, T + 1)
holds. Repeating this process we obtain that the infection spreads by a distance of at least £ in
time B in the chosen spatial direction. Consequently

A
lim inf 111
t—00 t

>0 almost surely. O

In order to prove Theorem 2, we can follow the same steps as in the proof of Theorem 1 with
the additional consideration that we have to ensure that the relevant infected particles do not
recover too quickly. For that, we will require that all the particles involved do not recover for at
least 8.

Proof Theorem 2. Recall the definition of 7" and p from Lemma 2 and of Eg(i, t) from
Lemma 4. Let E, (i, ) be the event that Ey(i, T) holds, and that the particles in 7" and the
initial infected particle whose path is p do not recover during [78, (r + 1)B]. Since each such
particle does not recover during [t8, (t + 1)B8] with probability exp{—yB}, for Lemma 2 we
consider that for each x € Q* \ p(r8) the number of particles at x at time 78 that do not recover
during [78, (r + 1)B] is a Poisson random variable of intensity ’\70 1y exp{—Ap}. Thus, once n, 8
and ¢ are fixed, setting y small enough gives that E,(i, T) holds with probability at least

1 — (1 — exp{—yB}) — exp{—Crgexp{—yB}¢'/}

for some positive constant C, where the term inside the parenthesis accounts of the probability
that the initial infected particles recover during [78, (t + 1)8]. We now follow the same steps as
in the proof of Theorem 1 to get that the two-sided Lipschitz surface F on which the increasing
event E} (i, T) holds exists, is finite and surrounds the origin almost surely. This gives that an
initially infected particle that is at the origin at time O has a strictly positive probability of
surviving long enough to enter a cell of the two-sided Lipschitz surface. Once on the surface,
the infection survives indefinitely by the definition of E/ (i, r). Hence

Py = it forallt > c3]1 > ;. O
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Appendix. Standard large deviation results

Lemma 5 (Chernoff Bound for Poisson). Let P be a Poisson random variable with mean A.
Then, forany 0 <€ < 1,

P[P < (1 — €)A] < exp{—re?/2}
and

P[P > (14+e)r] < exp{—A62/4}.
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